A class of second-order three-point integral boundary value problems at resonance is investigated in this paper. Using intermediate value theorems, we obtain a sufficient condition for the existence of the solution for the equation. An example is given to demonstrate our main results.
Introduction
We are interested in the existence of the solutions for the following second-order threepoint integral boundary value problems at resonance: 
([, ] × R, R).
In the last few decades, many authors have studied the multi-point boundary value problems for linear and nonlinear ordinary differential equations by using various methods, such as Leray-Schauder fixed point theorem, coincidence degree theory, Krasnosel'skii fixed point theorem, the shooting method and Leggett-Williams fixed point theorem. We refer the readers to [-] and references therein. Also, there are a lot of papers dealing with the resonant case for multi-point boundary value problems, see [-] .
In [], Infante and Zima studied the existence of solutions for the following n-point boundary value problem with resonance: In this paper, using some properties of the Green function G(t, s) and intermediate value theorems, we establish a sufficient condition for the existence of positive solutions of problem (.)-(.).
The rest of the paper is organized as follows. The main results for problem (.)-(.) under the condition   αη  =  are given in Section . In Section , we give some lemmas for our results. We prove our main result in Section , and finally an example is given to illustrate our result.
Some lemmas and main results
In this section, we first introduce some lemmas which will be useful in the proof of our main results. Let = C[, ], u ∈ equipped with the norm
then is a Banach space. 
where
Proof Assume that u(t) is a solution of problem (.)-(.), then it satisfies the following integral equation:
where C  , C  are constants. By the boundary value condition (.), we obtain
Combining (.) with (.), we have
According to (.) it is easy to see that (.) holds.
On the other hand, if u(t) is a solution of equation (.), deriving both sides of (.) two order, it is easy to show that u(t) is also a solution of problem (.)-(.).
Therefore, problem (.)-(.) is equivalent to the integral equation (.) with the function G(t, s) defined in (.). The proof is completed.
Lemma . For any (t, s) ∈ [, ] × [, ], G(t, s) is continuous, and G(t, s) >  for any (t, s) ∈ (, ) × (, ).

Proof The continuity of G(t, s) for any (t, s)
Here we only need to prove that g  (t, s) >  for  ≤ s ≤ min{t, η} ≤ , the rest of the proof is similar. So, from the definition of g  (t, s),  < η <  and the resonant condition
we have
Thus, problem (.)-(.) is equivalent to the following integral equation:
By a simple computation, the new Green function G * (t, s) has the following properties. s) is continuous, and G * (t, s) >  for any 
Then u() = w(), and equation (.) gives
Now we let
Then y() = w() -w() = , and equation (.) gives
We replace w() by any real number μ, then (.) can be rewritten as
To present our result, we assume that f (t, u) satisfies the following: http://www.boundaryvalueproblems.com/content/2013/1/197
, R) and there exist two positive continuous functions
for any t ∈ (, ). Our results are the following theorems. 
Theorem . Assume that (H) holds. If
We define an operator T on the set as follows:
Lemma . Assume that f ∈ C([, ] × R, R) and (.) hold. Then the operator T is completely continuous in .
Proof It is not difficult to check that T maps into itself. Next, we divide the proof into three steps.
Step . Ty(t) is continuous with respect to y(t) ∈ . Suppose that {y n (t)} is a sequence in , and {y n (t)} converges to y(t) ∈ . Because of f (t, ty) being continuous with respect to y ∈ R and from Lemma ., it is obvious that Thus the operator T is continuous in .
Step . T maps a bounded set in into a bounded set. Assume that D ∈ is a bounded set with y(t) ≤ r for any y ∈ D. Then we have from (.) and (.) that
This implies that the operator T maps a bounded set into a bounded set in .
Step . T is equicontinuous in . It suffices to show that for any y(t) ∈ D and any  < t  < t  < , Ty(t  ) → Ty(t  ) as t  → t  . There are the following three possible cases:
We only need to consider case (i) because the proofs of the other two are similar. Since D is bounded, then there exists M >  such that |f | ≤ M. From (.), for any f ∈ D, we have
Because of Step  to Step , it follows that the operator T is completely continuous in . The proof is completed.
Lemma . Assume that f ∈ C([, ] × R, R) and (.) and (.) hold. Then the integral equation (.) has at least one solution for any real number μ.
Proof We only need to present that the operator T is a priori bounded. Set
and define a set K ∈ as follows:
To use Lemma . to prove the existence of a fixed point of the operator T, we need to show that the second possibility of Lemma . should not happen.
In fact, assume that there exists y ∈ ∂K with y(t) = r and γ ∈ (, ) such that y = γ Ty. It follows that
Here we use the inequality
Obviously, (.) contradicts our assumption that y(t) = r. Therefore, by Lemma ., it follows that T has a fixed point y ∈ K . Hence, the integral equation (.) has at least a solution y(t). The proof is completed.
The proof of Theorem 2.1
In this section, we prove Theorem . by using Lemmas .-. and the intermediate value theorem.
Proof of Theorem . From the right-hand side of (.), we know that (.) is continuously dependent on the parameter μ. So, we just need to find μ such that y() = , which implies that u() = μ.
We rewrite (.) for any given real number μ as follows:
From (.), it suffices to show that there exists μ such that
Obviously, y μ () is continuously dependent on the parameter μ. Our aim here is to prove that there exists μ * such that y μ * () = , we only need to prove that lim μ→∞ L(μ) = ∞ and
Firstly, we prove that lim μ→∞ L(μ) = ∞. On the contrary, we suppose that lim μ→∞ L(μ) < ∞. Then there exists a sequence {μ n } with lim n→∞ μ n = ∞ such that lim μ n →∞ L(μ n ) < ∞, which implies that the sequence {L(μ n )} is bounded. Notice that the function f (t, ty) is continuous with respect to t ∈ [, ] and y ∈ R. So, it is impossible to have which contradicts our assumption. Now, for large μ n , we define I n = t ∈ [, ] | f t, t(y μ n + μ n ) <  .
Then I n is not empty. Secondly, we divide the set I n into setĨ n and setÎ n as follows:
I n = {t ∈ I n | y μ n + μ n > }, I n = {t ∈ I n | y μ n + μ n ≤ }.
Obviously, we get thatĨ n ∩Î n = φ,Ĩ n ∪Î n = I n . So, we have from (H) thatÎ n is not empty. From (H) again, the function f (t, tu) is bounded below by a constant for t ∈ [, ] and μ ∈ [, ∞). Thus, there exists a constant M (< ), independent of t and μ n , such that f t, t y μ n (t) + μ n ≥ M, t ∈Ĩ n .
(  .  )
